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Abstract 

In cases of both abehan and nonabehan gauge groups, we study the Higgs mechanism 
in the topologically massive gauge theories in an arbitrary space-time dimension. We 
show that when the conventional Higgs potential coexists with a topological term, gauge 
fields become massive by 'eating' simultaneously both the Nambu-Goldstone boson and 
a higher-rank tensor field, and instead a new massless scalar field is 'vomitted' in the 
physical spectrum. Because of the appearance of this new massless field, the number 
of the physical degrees of freedom remains unchanged before and after the spontaneous 
symmetry breakdown. Moreover, the fact that the new field is a physical and positive 
norm state is rigorously proved by performing the manifestly covariant quantization of 
the model in three and four dimensions. In the mechanism at hand, the presence of a 
topological term makes it possible to shift mass of gauge fields in a nontrivial manner 
compared to the conventional value. 



1 Introduction 



The Standard Model based on SU (3)c; x SU (2) x [/( l)y is a remarkable achievement. We have 
strong confidence that it provides a fundamental theory of the non-gravitational interactions 
of quarks and leptons valid up to energies of order 1 TeV. Moreover, it is consistent with the 
great wealth of experimental data existing at present. 

Despite its remarkable success, however, the Standard Model still possesses some impor- 
tant questions such as the multiplicity of generations, a lot of undetermined parameters and 
the gauge hierarchy problem e.t.c. In addition to these theoretical questions, we should notice 
that the Higgs sector in the Standard Model has not been observed experimentally and the 
least understood. 

On the other hand, in recent years we have watched a remarkable development in su- 
perstring theory that appears to be the first self-consistent theory constructed so that all 
of the interactions of Nature are unified. A natural question then arises what modification 
superstring theory provides for the Higgs sector in the Standard Model. However, superstring 
phenomenology, the study of how superstring theory makes contact with physics at accessible 
energy, is still in its infancy, so we have no quantitative predictions, as yet, from superstring 
theory. Nevertheless, there are a number of important qualitative implications and insights 
which have been obtained from superstring theory. In particular, superstring theory predicts 
the existence of many of new particles such as a dilaton, an axion and perhaps other scalar 
moduli. Together with them, a bunch of antisymmetric tensor fields also naturally appear in 
the spectrum and play an important role in the non-perturbative regime, such as D-branes 
and various dualities, in superstring theory [Q]. Thus it is natural to inquire if such anti- 
symmetric tensor fields yield a new phenomenon to the still mysterious Higgs sector in the 
Standard Model. 

In fact, it has been known that when there is a topological term, antisymmetric tensor 
fields (including gauge field) exhibit an ingenious mass generation mechanism, which we 
call, the 'topological Higgs mechanism' in the sense that antisymmetric tensor fields acquire 
masses and spins without breaking the local gauge invariance explicitly. (Of course, in this 
case, unlike the conventional Higgs mechanism, we do not have the Higgs particle in general, 
though.) This interesting mass generation mechanism is first found in the references p|, |^, ^ 
and then examined in detail within the framework of three dimensional gauge theory with 
Chern-Simons term p, |^. Afterwards, this three dimensional topological Higgs mechanism 
has been generalized to an arbitrary higher dimension in cases of both abelian ||^, ^, ^ and non- 
abelian gauge theories []10|. More recently, a new type of the topological massive nonabelian 



gauge theories with the usual Yang-Mills kinetic term has been constructed 12, 13, 14 



In this paper, we would like to study the mass generation mechanism in the abelian gauge 



theories 0, ||, |^ and the nonabelian gauge theories [0, |T2|, |T3|, |I^ with the usual Higgs 
potential in addition to a topological term Q Since in the Weinberg-Salam theory the Higgs 
doublets plus their Yukawa couplings are one of the key ingredients with great experimental 

preliminary report has been published pq]. 
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success, we do not want to dismiss the framework of the conventional Higgs mechanism. 
Instead, we wish to consider how mass of gauge fields is changed and whether the framework 
of the conventional Higgs mechanism receives any modification if the Higgs potential coexists 
with a topological term. 

Actually, we will discover two novel features in our theory. One feature is that gauge fields 
become massive by 'eating' simultaneously both the Nambu-Goldstone boson and a higher- 
rank tensor field, and instead a new massless scalar is 'vomitted' in the physical spectrum. 
Consequently, the number of the physical degrees of freedom remains unchanged before and 
after the spontaneous symmetry breakdown. The other feature is that mass of gauge fields 
is shifted because of the topological term and the Higgs potential in a nontrivial manner. 
Incidentally, about ten years ago, Yahikozawa and the present author have studied such a 
model in the case of the abelian group, but it is a pity that there is some misleading statement 
about the counting of the degrees of freedom |jl6| . 

This present paper is organized as follows. In section 2, we wish to correct our previous 
misleading statement with respect to the counting of physical degrees of freedom in the abelian 
model. In section 3, we generalize the model to the nonabelian gauge theories. In section 4, 
we carry out the manifestly covariant quantization in three and four space-time dimensions. 
The final section is devoted to conclusion. 



2 Abelian gauge theories 

Let us start by reviewing the 'topological Higgs mechanism' in abelian gauge theories in an 
arbitrary space-time dimension 0: 

S = J dAA*dA-^ J dB A*dB + fi J AAdB, (1) 

where A and B are respectively an n-form and a {D — n — l)-form in D-dimensional space- 
time, "*" is the Hodge dual operator, and A is the Cartan's wedge product, which we will 
omit henceforth for simplicity. In this and next sections, we consider a space-time with the 
Euclidean metric signature (+,+,+,■■■,+), since in this metric signature many of the factors 
of —1 do not appear in various equations. 

The equations of motion are easily derived to 

d *dA ijdB = 0, 

+ (-l)"(^-^)+Vrfvl = 0. (2) 
From these equations of motion, we obtain 

{A-fi^)dA = 0, 

{A-fi^)dB = 0, (3) 
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where A is the Laplace-Beltrami operator. Note that these equations are equations of motion 
for the transverse components of A and B fields, and they clearly represent that two massless 
antisymmetric tensor fields A and B have gained the same mass through the topological term 
fi J A A dB, whose phenomenon we call the "topological Higgs mechanism". It is worthwhile 
to count the degrees of freedom of physical states before and after the topological Higgs 
mechanism occurs. Originally, we have two massless fields, so the total number of the degrees 
of freedom is given by ('^~^) + (d^^^i)) which is rewritten as 





(4) 

This equation clearly indicates that the massless n-form field A has become massive by 'eating' 
the massless {D ~ n — l)-form field B, and vice versa 0. 

We now turn to the Higgs mechanism in the presence of a topological term in the abelian 
gauge theory. To do that, we introduce the conventional Higgs potential for only A field, for 
which we have to restrict A field to be a 1-form since the exterior derivative couples with only 
1-form to make the covariant derivative. Then we have an action 

S = ~JdA*dA-^JdB*dB + fijAdB 

+ I [(D0)t * - A(|0p - ^v') *m'- ^v')] , (5) 

where B is now a {D — 2)-form field, and (j) and v are respectively a 0-form complex field and 
a real number. The covariant derivative D is defined in a usual way as 

D(p = d(j) — igA(f), 
{D(j))^ = d(f)^ + igA(j)l (6) 

The gauge transformations are given by 

(P{x) ^ =e-'"("V(a;), 

A(x) A'(x) = A(x) - -da(x), 

9 

B{x) B'{x) = B{x) - d(3{x), (7) 

where a{x) and I3{x) are a 0-form and a, [D — 3)-form gauge parameters, respectively. And g 
denotes a [/(I) gauge coupling constant. Note that there are still off-shell reducible symmetries 
for B field when D > 3. 



"Recently, this formalism is utilized for localizing gauge fields on a brane in brane world 0. 
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The minimum of the potential is achieved at 



which means that the field operator develops a vacuum expectation value | < 
If we write in terms of two real scalar fields 0i and 02 as 



(8) 



we can select 



+ ^02 



(9) 



< 01 >= V, < 02 >= 0. 



(10) 



With the shifted fields 



01 - V, 02 = 02 



'11^ 



we have 



< 01 >=< 02 >= 0. 



(12) 



Note that 02 corresponds to the massless Goldstone boson. At this stage, let us take the 
unitary gauge to remove the mixing term between A and 02 in the action: 



0«(x) = e-^^«(^)0(^) = ^(^ + r7(x)), 



gv 



(13) 



In this gauge condition, ^{x) and ri{x) correspond to 02 (x) and (p'i{x), respectively. Also note 
that the unitary gauge corresponds to the gauge transformation with a fixed gauge parameter 
a{x) = ^^(x). Then, the action (||) reduces to the form 

S = ~JdG*dG+^{gvfjG*G-^JdB*dB 



+ ^ / GdB 

+ 



-c/77 * df] — -{V2Xv)'^r] * rj 



^g'^ri{2v + ifjG * G — \{vrj * rf + ^rf * if ) 



(14) 



From the above action, we can easily read off that the Higgs field rj^x) becomes a massive 
field with mass \/2\v and the would-be Goldstone boson ^ {x) is absorbed into the gauge field 
G^, as in the conventional Higgs mechanism without a topological term. 

In order to clarify the mass generation mechanism for the gauge field G and the antisym- 
metric tensor field it is sufficient to consider only the quadratic terms with respect to fields 
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in the action (14). In other words, neglecting the interaction terms in the action ([T^), we 
derive the equations of motion for G and B fields whose concrete expressions are given by 



d*dG+ {gvf *G + ^dB 
{-)^d*dB + fidG 



0, 
0. 



From these equations, we can obtain 



A 



fx 



{9vf 



dG 
SdB 
6G 



0, 

0, 
0, 



(15) 
(16) 



(17) 

(18) 
(19) 



where 6 denotes the adjoint operator. Eqs. (17) and (18) reveal that fields G and B have 



become massive fields with the same mass y /i^ + {gvY through the conventional and topolog- 
ical Higgs mechanisms. Also note that since Eq. (19) holds only when gv ^ 0, the existence 
of Eq. (19) reflects a characteristic feature in the case at hand. 

Now let us consider how the conventional and topological Higgs mechanisms have worked. 
For this, it is useful to count the physical degrees of freedom in the present model. Before 
spontaneous symmetry breaking, we have two real scalar fields (pi and <p2, and two massless 

The total number of the degrees of freedom is 



fields Af, and B^^...^^_^ 



2 + 




D + 1. 



(20) 



On the other hand, after the symmetry breaking, we have one real scalar field and one massive 



field G^ (or equivalently, B^-^... 
freedom is now given by 



fll---flD-2Jl 



SO it appears that the total number of the degrees of 





D. 



(21) 



Here, however, we encounter a mismatch of one degree of freedom before and after spontaneous 
symmetry breaking, which is precisely a question raised in our previous paper [|1^. It is a 
pity that we have proposed a misleading answer to this question in the previous paper, so we 
wish to give a correct answer in this paper. 

To find a missing one physical degree of freedom, we have to return to the original equations 
of motion (15) and (16). From Eq. (16), we have 



*dB + {-r^iG = dA 
where A is a 0-form. Then, using (19) we obtain 



(22) 



AA = 0, 



(23) 
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which means that A is a massless real scalar field that we have sought. Note that A is not 
the Goldstone boson ^ but a new boson whose fact can be understood by comparing (13) 
with (22). By counting this one degree of freedom, we have D + 1 degrees of freedom after 
the symmetry breaking which coincides with the number of the degrees of freedom before the 
symmetry breaking. Roughly speaking, (or S^^...^^ ^) has become massive by 'eating' both 
the Nambu- Goldstone boson ^ and B^-^...^^_^ (or G^), but it has eaten too much more than 
its capacity! In consequence, a new massless scalar field has been vomitted in the physical 
spectrum. We will see in the next section that this interesting new phenomenon with respect 
to the Higgs mechanism in the presence of a topological term can be also generalized to the 
case of the nonabelian gauge theory. 



3 Nonabelian gauge theories 



We now turn to nonabelian theories. Let us start by reviewing the topologically massive 



(24) 



nonagelian gauge theories [|ri|, [T^, [T^, [Tj] • The action reads 

S = J Tr[-^F * F -^n*n + fiBF 

where we use the following definitions and notations: F = dA + gA^,H = DB = dB + 
g[A,B],l-L = H + g[F, V] and the square bracket denotes the graded bracket [P,Q] = P AQ — 
(^—lyPWQlQ /\ p And A, B and V are respectively a 1-form, a {D — 2)-form, a (D — 3)-form. 
All the fields are Lie group valued, for instance, A = A°'T°' where T'^ are the generators. This 
action is invariant under the gauge transformations 



5A = De = de + g[A,9], 
6B = Dn + g[B,9], 
SV = -Q + g[V,9], 



(25) 



where 6 and Q are a 0-form and a {D — 3)-form gauge parameters. Recall that a new field 
strength Ti. together with an auxiliary field V has been introduced to compensate for the non- 
invariance of the usual kinetic term TrH^ under the tensor gauge transformations associated 
with B 0. From now on, we shall set a coupling constant 5^ to be 1 for simplicity since we 
can easily recover it whenever we want. 
The equations of motion take the forms 



-[B,*n] + D[V,*n] + fiDB, 



4)^-Vi^, 



D*F = 
D*n = 

[F,*n] = 0. 

From these equations, we can derive the following equations 

D* D* F + {-l)^lj^F = ~i2D*[F,V]- D*[B,*n] + D* D[V,*n]., 

D*D*n + {-i)^fi^n = -{-i)^fi(~fi[F,v]-[B,*n] + D[v,*n] 



(26) 



(27) 
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A linear approximation for fields in (27) leads to equations 

{A-fi^)dA = 0, 
(A-/i^)dS = 0, 



(2^ 



which imply that the fields A and B become massive by the topological Higgs mechanism as 
in the abelian gauge theories. 

Next let us couple the Higgs potential to the model. For simplicity and definiteness, we 
shall take the gauge group to be G = SU{2), with generators T* satisfying 



[T\T^] = 




Tr{TT^) = 








rj-ii 





(29) 



where r* are the Pauli matrices. Then, the action is given by 



S 



Tr 



+ 



F * F -n*n + 2fiBF 

where F;, = d^Al - + e'^^A^^Al and = {8^ - i\t'A'^4>. 
As in the abelian theories, let us take the unitary gauge given by 



(30) 



G{x) 
B\x) 
V'ix) 



U{x)A{x)U{x)-^ + %U[x)dlJ{x)-^, 

U{x)B{x)U{x)-\, 

U{x)V{x)U{x)-\ 



(31) 



where we have defined as U{x) = e j^^ f^i^en turns out that the action (^) reduces to 

the form 



Tr 



F * F -n*n + 2fiBF 



+ 



(32) 



where we have rewritten B' and V as B and V, respectively. Namely, we now have the 
expressions like F = dG + G^, D(p^ = d(f)^ — iGcf)^. In order to study the mass generation 
mechanism, it is sufficient to examine only the quadratic action, which is given by 



^0 



Tr 

rl 



-dG*dG-dB*dB + 2fiBdG 



dr] * drj + 



2 V 2 



'G' *G'- Xv^rj * r] 



(33) 
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Here we have recovered the couphng constant g. From this action (|33|), it is easy to obtain 
the equations of motion 



-d*dG'+ *G' + fidB' 



. _ , 0, 

2 

{-)^d*dB' + fidG' = 0, 

d * drj + {^/2\vf * r] = 0. 



From these equations, we can obtain 



dG' 

5dB' 
6G' 



A 



2Xvy 



V 



0, 

0, 

0, 
0. 



(34) 

(35) 
(36) 



(37) 

(38) 

(39) 
(40) 



Eq. (40) shows that the field r] is indeed the Higgs particle with mass v2Aw as in the 
conventional Higgs mechanism. Also note that Eqs. (37)- (39) are the same equations as 
Eqs. (17)-(19) except the SU{2) index i and the replacement gv so we can show that 

a completely similar mass generation mechanism to that in the abelian case occurs also in 
this case. Thus the original SU{2) gauge symmetry is completely broken and all gauge fields 
(or antisymmetric tensor field) acquire the same mass 



via the conventional and 



topological Higgs mechanisms. At the same time, we have a massless scalar with an SU{2) 
index. 

In this case as well, we can check the coincidence of the physical degrees of freedom before 
and after the symmetry breaking as follows. Before the symmetry breakdown. 



4 + 3 X 



D 



3 X 



D 



3D + 1, 



(41) 



where 4 is the number of the physical degrees of freedom associated with the complex Higgs 
doublet {(f)), and 3 appearing in the second and third terms comes from SU{2). On the other 
hand, after the symmetry breakdown 



1 + 3 + 3 X 




3D + 1, 



(42) 



where 1 and 3 in the first and second terms equal to the numbers of the physical degrees of 
freedom of the real physical Higgs field (77) and the new massless field (A*), respectively. 

Before closing this section, we wish to address a few topics related to the mechanism 
clarified in the present paper. Firstly, we would like to consider how our model sheds some 
light on the Standard Model. For definiteness, let us consider the Weinberg-Salam model on 
the basis of SU{2)l x U{1)y even if it is easy to extend the model at hand to the Standard 
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Model based on SU{3)c x SU{2)l x U{1)y- Note that we can construct a Weinberg-Salam 
model with topological terms by unifying the abelian model treated in the previous section 
and the SU{2) nonabelian model in this section in an SU{2)l x [/(l)y-invariant way. Then, 
we can observe the following facts: In the conventional Weinberg-Salam model, m ass of weak 
bosons is given by Mw = ^, whereas in our model it is given by mw = \J jJ''^ + {^Y- 
Similarly, in our model mass of Z boson receives a contribution from a topological term. 
Concerning the Higgs particle, we have the same mass \/2\v in both the models. Fermion 
masses are also the same in both the models. Thus, we can conclude that compared to the 
conventional Standard Model, in our model with topological terms we can in general introduce 
additional parameters stemming from topological terms in the mass formulas of gauge bosons 
without violating the local gauge symmetries explicitly and changing the overall structure of 
the Standard Model. Turning this analysis around, provided that experiment would predict 
/i ^ in future it seems that we need to propose some mechanism to suppress the contribution 
to mass of gauge bosons, since there is a priori no local symmetry prohibiting the appearance 
of topological terms. Moreover, our present model predicts the existence of a new massless 
scalar, which is in a sharp contrast to the Standard Model where there is no such a massless 
boson. These distinct features in the model at hand will be testable by future experiments. 

Secondly, as mentioned in the introduction, many of antisymmetric tensor fields naturally 
appear in the spectrum in superstring theory. For instance, the action of a supersymmetric 
D3-brane in Type IIB superstring theory includes topological terms among antisymmetric 
tensor fields in the Wess-Zumino term as well as their kinetic terms in the Born-Infeld action 
||T9| , pO| , p^ , p3| . Hence, it is expected that our model would have some implications in the 
non-perturbative regime of superstring theory. We wish to stress again that antisymmetric 
tensor fields and their topological coupling play a critical role in string dualities 

Thirdly, as another implication to superstring theory, note that we have the term /jyj^^ B A 
in the effective action of superstring theory for the Green-Schwarz anomaly cancellation. 
This term yields a topological term upon compactification to four dimensions. If the Higgs 
potential appears in addition to the topological term via a suitable compactification, the mass 
generation mechanism discussed in the paper would work nicely [llH . 



4 Manifestly covariant quantization 

In this section, we wish to perform the covariant quantization of the model considered in the 
previous section. One of aims of the quantization is to make certain that the counting of 
the physical degrees of freedom done above is really correct. For instance, if a new massless 
scalar field A were a unphysical or zero norm state, the counting of A as the physical degree 
of freedom would be invalidated. Actually, we know that there are many unphysical or zero 
norm states in topologically massive gauge theories without a mass term |^ ||, so 

it is worthwhile to carry out the quantization of the present model to examine the physical 
contents in detail. 
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However, it is too complicated to carry out a complete quantization, in particular, of the 
nonabelian gauge theories, so we shall limit ourselves to only the free kinetic terms after 
the symmetry breakdown, those are, topological massive gauge theories with a mass term. 
Note that it is sufficient to quantize such the theories for seeing the physical contents. Also 
note that the nonabelian gauge theory under a such situation shares the same free fields as 
in the abelian gauge theory up to the gauge group index, so we have only to take account 
of the abelian theory. Moreover, we shall consider the cases of three and four space-time 
dimensions explicitly, since the former case is important for condensed matter physics and is 
of the simplest form whereas the latter case is the most phenomenologically interesting one 
for particle physics. The case of a general space-time dimension can be treated in a perfectly 
analogous manner though reducible symmetries get increased as the number of space-time 
dimensions becomes larger. 

In this section, we employ not the differential forms but the coordinate-dependent com- 
ponent forms, and pick up the Minkowski metric rj^u = diag{+l, —1, ■ ■ ■ , —1). (Note that 
we have changed the metric signature compared to the previous sections in order to con- 
form with the notation taken in our paper ||^.) The Greek and Latin indices denote the 
Lorentz and space ones, respectively and summation over repeated indices is understood, so 
the d'Alembertian operator, for instance, is defined as □ = d^d^j, = Oq — df. 

First of all, let us consider the model in three dimensional fiat Minkowski space-time. The 
action with which we start is of the form: 

S = ld'x[- ^{d^B, - d^B^f - ^{d^G, - dM^Y + \m''G^G^ 

+ ^le^'"'B^^,Gp + B^^^N], (43) 

where £012 = = 1 and we have selected the Landau gauge as a gauge condition of the 
gauge symmetry B^ — > B^ + d^X. This action in essence corresponds to the one (14) obtained 
after the spontaneous symmetry breakdown except that we have neglected the physical Higgs 
scalar 77 (x) and its interaction terms. Moreover, we have defined m = gv for simplicity. The 
action (43) leads to the following field equations: 

□ G^ - d^d^G, + m^G^ + /i 5^.p9^5^ = 0, (44) 
UB^ - d^d'B, + ^ e^^pd'^G" + d^N = 0, (45) 
df^B^ = 0. (46) 

Of course, Eqs. (44) and (45), respectively, correspond to (15) and (16) with the auxiliary 
field N{x) in three dimensions. Taking the divergence of (44) and (45), we have 

d'-G^ = 0, (47) 
□ A^ = 0. (48) 

Applying □ to (44) and to (45), we obtain 

□ (□+/i2 + m2)G'^ = 0, (49) 



□2(n + /i2^m2)B^ = 0. (50) 



10 



In order to separate massless and massive modes, we define the fields and as 

= -^^(G,--e,.pd^B^), (51) 

V, = . ^ ^ , e,.,d''UGP, (52) 

where we should note that 6"^ precisely corresponds to (9^A with A being a new massless scalar 
boson vomitted as a result of the spontaneous symmetry breakdown. Indeed, from the field 
equations we can show that 5*^ is a massless field whereas is a massive field 



'P + ^J? + m^)V^ = d^'V^ = 0. (54) 



aS^ = d^S^ = 0, (53) 
We can then derive the following integral identities 

'2, 



S^{x) = J d'z D{x- z)d,S^iz), (55) 

Vf,{x) = J (fz A{x- z;i2^ + m')*^lv^{z), (56) 

N{x) = J (fz D{x- z)'^In{z), (57) 
where D{x) and A{x; /i^) denote the invariant 6 functions satisfying the relations 



and we have defined 



nD{x) = {n + ^^)A{x; fi^) = 0, 
D{0,x) = A(0,f;/i^) = 0, 
doD{0,x) = doA{0,x;n'^) = -6{x), 

= (2;^/''°-V^(e--e-). (58) 
flfg = (df)a - fag. (59) 



Since it is easy to show that the right-hand sides of Eqs. (55)-(57) are independent of zq, 
these integral expressions will be used to derive the manifestly covariant three dimensional 
commutation relations from the equal-time commutation relations. 

Let us turn to a canonical quantization of the action (43). The canonical conjugate 
momenta corresponding to B^, Gi and are given by 

dB, 
r)C 

Ph = -^ = -G' + d'G'' + fie'^B,, 
oGi 

dC , , 

= ^ = ^0, (60) 
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where the dot denotes differentiation with respect to = t. The following equal-time com- 
mutation relations are assumed 

[Si(f,t)yB(27,t)] = i5i5{x-y), 
[Gi{x,t),p^y,t)] =i6i6{x-y), 

[N{x,t),pN{y,t)]=i6{x-y}. (61) 

With the aid of the integral identities (55)- (57), the above equal-time commutation rela- 
tions and field equations, we derive various three dimensional commutation relations whose 
results are summarized as 

[S,{x),SM] = 2] A dM^-y), (62) 

_|_ 

[S,ix),V,{y)] = 0, (63) 

[V^{x),V,iy)] = -i{rj^, + j^^^-^d^d,)A{x + m^), (64) 

[S^{x),N{y)] = 0, (65) 
[V,ix),Niy)] = 0, (66) 
[N{x),N{y)] = 0. (67) 

As we have obtained the three dimensional commutation relations for , and A^, we can 
examine the physical contents of this theory. The physical state condition, the 'Gupta-Bleuler 
condition' [pHl El, W%, amounts to 



N^^\x)\phys>=Q, (68) 

where (+) denotes the positive frequency part. 

First of all, let us consider the massless field S"^. In momentum space, the field equation 
(53) reduces to the form 

P%(P)=P%(P)=0, (69) 
and the three dimensional commutation relations relevant to S"^, (62) and (65) are given by 

[s^.{p). slip)] = ^2^^2 PmP^' C^O) 
[s,{p).n\p)] = Q. (71) 

From the physical state condition Eq. (68), Eq. (71) means that s^{p) is in fact physical. 
In order to examine the physical contents, it is useful to take a Lorentz frame p^ = {po = 
|pi|,pi,0). Then, Eq. (69) implies that so{p) is not an independent mode but expressed in 
term of Si{p). Moreover, the commutation relations (70) among independent modes are given 
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by 

^'^(p)^''^(p)^-]^2pI (72) 

[siip),4{p)] = 0, (73) 
[S2{p),sl{p)] = 0. (74) 

Eq. (72) shows that Si{p) is a physical and positive norm mode, which is nothing but the 
massless scalar mode found in the previous section! On the other hand, from (74), S2{p) is a 
physical but zero norm mode, so this mode is never observed. It is quite worthwhile to point 
out that precisely one physical degree of freedom, that is, Si(p), among s^lp) has a positive 
norm. 

Next, we shall concentrate on a massive field V^. In momentum space, the field equation 
(54) becomes 

{P^ - /i^ - m^)v^{p) = 0, 

jfv^ip) = 0, (75) 
and the three dimensional commutation relations, (64) and (66) are given by 

K(p), 4(p)] = - {ri^y - --^^::^Pt^Pi^) , (76) 
Mp),n\p)]^0. (77) 
Eq. (77) simply means that Vi^{p) is physical. This time, let us take a Lorentz frame = 

(po = \J iJp' + m? + Pi, Pi, 0). Then, Eq. (75) indicates that fo(p) = ^'^i(p) "^oip) is not an 
independent mode. And the commutation relations (76) become 

\<P)A{p)] = ^^r^,pl (78) 

h(p),4b)] = i, (79) 

K(P),4(P)] =0. (80) 

These commutation relations then mean that only two modes, Vi{p) and f2(p) are not only 
physical but also positive norm modes as expected from the arguments in the previous section. 
Consequently, we have one massless mode and two massive modes as physical degrees of 
freedom, which exactly coincides with the result in the previous section. Incidentally, we 
have carefully checked by a detailed analysis that the other modes are unphysical or zero 
norm modes. 

We are now ready to consider the four dimensional theory. The line of arguments proceeds 
as in the three dimensional case. We begin with the following action in four dimensional flat 
Minkowski space-time: 

rl„ „ „ 1„ „ „ 1_ „ „ „ .o 1 



+ ^/i e^'f^'B^^dfi, + B^.d^'N'' + iV^a^iV] , (81) 
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where the last two terms are the gauge fixing terms. Note that there is one reducible gauge 
symmetry for B^^, field, so we need such two gauge fixing terms. From this action, we obtain 
the field equations: 

□G^ - d^d'G, + w?G^ + ^/^ e^.p^dTBP'' = 0, (82) 

~nB,, - d^d^B,^, + i// e^^.^d^G'' + d^N,] = 0, (83) 

d^N^ = 0, (84) 
d^N = d'B,^, (85) 

where the square bracket denotes the antisymmetrization with weight one, for instance, 
= U^i^^'^ - duN^). Taking the divergence of (82), (83) and (85), we obtain 

d^G^ = 0, (86) 
□^M = 0, (87) 
UN = 0. (88) 

Applying □ to (82) and to (83), we have 

□ (□ +/x2 + m2)G'^ = 0, (89) 
□2(n + ^2^m2)S^^ = 0. (90) 

In order to separate massless and massive modes, we define the fields 5^ and V^v by 

where as in the three dimensional theory 5"^ corresponds to with A being a new massless 
scalar boson vomitted as a result of the spontaneous symmetry breakdown. The field equations 
tell us that is a massless field whereas V^,^ is a massive field 

nS^ = d'^S^ = 0, (93) 
(□ + /i^ + m')V^, = d'^V^^ = = 0. (94) 

We can then derive the following integral identities 

S^{x) = j d\ D{x-z)T^S^{z), (95) 

V^,{x) = J dh A{x -z-ii^ + m^)TMz), (96) 

N^ix) = j d\D{x-z)T^N^{z), (97) 

N{x) = J dh D{x - z)'^In{z). (98) 
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Let us move on to a canonical quantization. The canonical conjugate momenta corre- 
sponding to Bjj, Gi, Ni, and are calculated as 





dC 
dBij 




Ph = 


dC 

dGi 


= -G' + 9^^° + ^i^e'^'^Bjk 




dC 

dNi 




Pn = 


dC 





(99) 

We set up the following equal-time commutation relations: 

[B,,ix,t),p>'\y,t)] = i5\''6'j5{x-y), 
[Gi{x,t),p'(.{y,t)] =i5iS{x-y), 
[Ni{x,t),p^^{y,t)] = iSiS{x-y), 

[N{x,t),pN{y,t)]^tS{x-y). (100) 

At this stage, it is straightforward to derive the four dimensional commutation relations 
whose results are of forms 

[S,{x),S,iy)] = -I ^ d,d,D{x - y), (101) 

[S^{x),V,p{y)]^Q, (102) 

\y^u{x), Vp^{y)\ = i [rii^pTjua - Vt^aVi^p + -YT — - Vnad^dp (103) 

-Vupdf^d^ + r]^^dp,dp)\A{x - y; n"^ + vr?), (104) 

\S^[x),NM\ = ^. [5'^(x),iV(|/)] =0 (105) 

\VpAx),Np{y)\ = 0, [V,,ix),N{y)] = (106) 

[N^{x),K{y)] = 0, [N{x),N{y)] = (107) 

[N^{x),N{y)]=id^D{x-y). (108) 

As we have obtained the four dimensional commutation relations for Sp, Vp^, Np and A^, we 
can examine the physical contents of this theory. The physical state condition, the 'Gupta- 
Bleuler condition', becomes 

^"^+) (x) \phys >= ATW (x) \phys >= 0. (109) 

We shall first consider the massless field Sp. In momentum space, as in the case of the 
three dimensional theory the field equation (93) takes the form 

p\(p) = ^?%(p) = 0, (110) 
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and the four dimensional commutation relations relevant to are given by 

[Sm(p)' 4(P)] = -A JPmPi^' (111) 

K{p),nUp)] = [s^{p),n^{p)] = 0. (112) 

Then Eq. (112) means that s^{p) is physical. Again let us take a Lorentz frame Pn — {po — 
0, 0). Then, Eq. (110) implies that So{p) is not an independent mode but expressed 
in term of Si{p). Moreover, the commutation relations (111) among independent modes are 
given by 

[^1(P)'4(P)] = ^;^^^P?, (113) 

[S2{p),4{p)] = [s3{p),sl{p)]=0, (114) 
[Slip), slip)] = [Slip), slip)] = [S2ip), slip)] = 0, (115) 

Eq. (113) shows that Si(p) is a physical and positive norm mode, which precisely corresponds 
to the massless scalar mode found in the previous section, whereas S2(p) and s^ip) are physical 
but zero norm modes, so these modes are never observed. 

Next, we shall turn our attention to a massive field Vg^^. In momentum space, the field 
equation (94) becomes 

iP^ - - fn^)Vf,uip) = 0' 

P%.(p)=P%.(p) = 0, (116) 
and the four dimensional commutation relations, (103) and (106) are given by 

[v,,uip),vl„ip)] = r]^,pri^a - ri^aVup i^Z — ^(W'^-P'^ 

jJL '\ TTh 

-Vl^aPuPp - Vi^pPpPa + VuaPpPp) , (117) 

[v^.Ap)A^p)\ = [^M^ri^iP)] = 0. (118) 
Eq. (118) expresses that v^^ip) is physical. For a further analysis, let us take a Lorentz frame 



PiJ. — iPo = Y + 0, 0). Then, Eq. (116) gives us the relations 

voiip) = 0, 

^02 (P) = —Vuip), 

Po 

voaip) = —vnip), (119) 
Po 

thereby impling that foi(p), Vo2ip) and Vo^ip) are not independent modes. Furthermore, the 
commutation relations (117) among independent modes are given by 

[vi2ip),vl,ip)] = -^^pl (120) 

Li "l lit 
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Mp),vlip)] = -^^^^yo, (121) 
[v23{p),vUp)] = 1, (122) 

and the remaining commutation relations are found to be trivially vanishing. These com- 
mutation relations then mean that only three physical degrees of freedom associated with 
Vi2{p), Vi3{p) and f23(p) are not only physical but also positive norm modes while the other 
v^u{p) are physical but zero norm modes as expected from the arguments in the previous 
section. As a result, we have one massless mode and three massive modes as physical degrees 
of freedom, which again coincides with the result in the previous section. It is in principle 
straightforward to extend our analysis in three and four dimensions to higher dimensions, 
but as we study higher dimensions, we will encounter more technical complications owing to 
increasing reducible gauge symmetries associated with the antisymmetric tensor gauge fields. 



5 Conclusion 

In this paper, we have investigated a physical situation where the Higgs potential coexists 
with a topological term. We have found that the gauge field becomes massive by 'eating' 
the Nambu-Goldstone boson and the antisymmetric tensor field, and 'vomits' a new massless 
scalar field. Moreover, we have pointed out that when our model is extended to a more 
realistic model such as the Weinberg-Salam model and the Standard Model, it gives us some 
distinct results, those are, the shift of mass of gauge fields and the presence of a new massless 
boson, which would be checked in future by experiment. Of course, such a mass shift would be 
very small in such a way as to ensure that the mass of weak bosons matches the experimental 
data. 

Although the experiment might preclude our model and support the Weinberg-Salam the- 
ory in future experiment, it would be necessary to propose some mechanism for suppressing 
the effects coming from a topological term since there is no symmetry prohibiting the exis- 
tence of such a topological term. In this context, we should recall that the topological term 
under consideration is manifestly CPT- invariant, which should be contrasted with 3D Chern- 
Simons term. This problem becomes more acute in superstring-inspired phenomenology since 
superstring theory gives rise to many of antisymmetric tensor fields with a topological term 
at low energy. 

To make the present model viable, we need to give the proof of unitarity and renor- 
malizability. The proof of unitarity can be done by extending the formalism of a canonical 
quantization in section 4 ||3^ , but the proof of renormalizability needs much work. 
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